THE PHYSICS OF
MICRODROPLETS

? K)WILEY Lt



The Physics of Microdroplets

Jean Berthier
CEA/LETI, University of Grenoble, France

and

Kenneth A. Brakke

Department of Mathematical Sciences,
Susquehanna University, USA



Copyright © 2012 by Scrivener Publishing LLC. All rights rescrved.

Co-published by John Wiley & Sons, Inc. Hoboken, New Jersey, and Scrivener Publishing LLC, Salem, Massachusetts.
Published simultaneously in Canada.

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any form or by any means,
electronic, mechanical, photocopying, recording, scanning, or otherwise, except as permitted under Section 107 or 108
of the 1976 United States Copyright Act, without either the prior written permission of the Publisher, or authorization
through payment of the appropriate per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923, (978) 750-8400, fax (978) 750-4470, or on the web at www.copyright.com. Requests to the Publisher for
permission should be addressed to the Permissions Department, John Wiley & Sons, Inc., 111 River Street, Hoboken,
NI 07030, (201) 748-6011, fax (201) 748-6008, or online at http://www.wiley.com/go/permission.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best efforts in preparing this
book, they make no representations or warranties with respect to the accuracy or completeness of the contents of this
book and specifically disclaim any implied warranties of merchantability or fitness for a particular purpose. No war-
ranty may be created or extended by sales representatives or written sales materials. The advice and strategies contained
herein may not be suitable for your situation. You should consult with a professional where appropriate. Neither the
publisher nor author shall be liable for any loss of profit or any other commercial damages, including but not limited to
special, incidental, consequential, or other damages.

For general information on our other products and services or for technical support, please contact our Customer
Care Department within the United States at (800) 762-2974, outside the United States at (317) 572-3993 or
fax (317) 572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print may not be available
in electronic formats. For more information about Wiley products, visit our web site at www.wiley.com.

For more information about Scrivener products please visit www.scrivenerpublishing.com.

Cover design by Russell Richardson.

The cover shows a Surface Evolver simulation of a liquid plug in an enclosed rectangular hydrophobic channel, with
square pillars added to constrict the channel (top). The pinched regions between the pillars have high curvature, hence
high pressure, so liquid flows into the low-curvature, low-pressure larger blobs (middle), until the neck pinches off to
form two stable blobs (bottom).

Library of Congress Cataloging-in-Publication Data:

ISBN 978-0-470-93880-5

Printed in the United States of America

10987 654321



Contents

Acknowledgements

Preface

Introduction

1  Fundamentals of Capillarity
Abstract
1.2 Interfaces and Surface Tension

The Notion of Interface

1.2.2 The Effect of Temperature on Surface Tension
1.2.3 The Effect of Surfactants

1.2.4 Surface Tension of a Fluid Containing Particles
Laplace’s Law and Applications

Curvature and Radius of Curvature

1.3.2 Derivation of Laplace’s Law

1.3.3 Examples of Application of Laplace’s Law

1.1

1.3

1.2.1

1.3.1

1.3.4
135

1.3.3.1
1.3.3.2
1.3.33
1334

1.3.3.5
1.3.3.6

1.3.3.7

1.3.3.8
1.33.9

Pressure in a Bubble

Liquid Transfer From a Smaller Drop to a Bigger Drop
Precursor Film and Coarsening

Pressure in Droplets Constrained Between Two

Parallel Plates

Zero Pressure Surfaces: Example of a Meniscus on a Rod
Self Motion of a Liquid Plug Between Two Non-Parallel
Wetting Plates

Laplace’s Law in Medicine: Normal and Shear Stress in
Blood Vessels

1.3.37.1 Shear Stress in Vascular Networks

1.3.37.2 Normal Stress in Vascular Networks
Laplace’s Law in Medicine: the Example of Lung Alveoli
Laplace’s Law in a Gravity Field

1.3.3.10 Generalization: Laplace’s Law in Presence of a Flow Field
Wetting - Partial or Total Wetting
Contact Angle - Young’s Law

1.3.5.1
1:35:2
1.3.53
1.354

Young’s Law

Droplet on a Cantilever

Contact Between Three Liquids - Neumann’s Construction
Nanobubbles on Hydrophebic Walls, Line Tension and the

.Modified Young Law:,

20
21

24

26
26
27
27
29
29
30
31
31
33
34

35



vi

The Physics of Droplets in Microsystems

1.3.6  Work of Adhesion, Work of Cohesion and the Young-Dupré Equation
1.3.6.1 Work of Adhesion
1.3.6.2 Work of Cohesion
1.3.6.3 The Young-Dupré Equation
1.3.7 Capillary Force, Force on a Triple Line
1.3.7.1 Introduction
1.3.7.2 Capillary Force Between Two Parallel Plates
1.3.7.3 Capillary Rise in a Tube
1.3.7.4 Capillary Rise Between Two Parallel Vertical Plates
1.3.7.5 Capillary Rise in a Pipette
1.3.7.6  Force on a Triple Line
1.3.7.7 Examples of Capillary Forces in Microsystems
1.4 Measuring the Surface Tension of Liquids
1.4.1 Using Pressure (Bubble Pressure Method)
1.4.1.1 Using the Capillary Rise on a Plate - Wilhelmy Plate
1.4.2  Using Gravity: the Pendant Drop Method
1.4.2.1 Bond Number
1.42.2 Method
1.4.2.3 Using Shear Stress in a Microflow
1.4.3  Surface Free Energy
1.4.3.1 Introduction
1.43.2 Method of Good-Girifalco
1.4.3.3 Fowkes Method
1.4.3.4 Critical Surface Tension and Surface Free Energy
1.43.4.1 ZismanPiot
1.4.3.4.2 Disjoining Pressure
1.5 Minimization of the Surface Energy and Minimal Surfaces
1.5.1 Minimization of the Surface Energy
1.5.2 Conclusion
1.6 References

Minimal Energy and Stability Rubrics
2.1 Abstract
2.2 Spherical Shapes as Energy Minimizers
2.2.1 The Sphere Theorems
2.22 Sphere
2.2.3  Spherical Cap on a Plane
2.2.4 Drop Between Parallel Plates
2.2.5 Dropletin a Wedge
2.2.6  Droplet on an Exterior Corner
2.3 Symmetrization and the Rouloids
2.3.1 Steiner Symmetrization
2.3.2 Rouloids
2.3.2.1 The Sphere
2.3.2.2 The Cylinder
2.3.2.3 The Catenoid
2.3.2.4 Unduloids
2.3.2.5 Nodoids
2.3.3 Rouloid Summary

36
36
36
36
38
38
38
40
43
44
45
47
48
48
49
50
51
51
52
54
54
55
55
56
56
58
59
60
61
61

65
65
66
66
68
68
68
69
70
70
70
71
71
71
72
73
73
75



Contents

24 Increasing Pressure and Stability

24.1
242
243
244

Wedge

In a Square
Round Well
Square Well

2.5 The Double-Bubble Instability

2.5:1
252
253
254
255
256

Conditions for the Double-bubble Instability
Plateau-Rayleigh Instability

Plateau-Rayleigh Instability in Corners and Grooves
Instability of a Cylinder on a Hydrophilic Strip
Double-bubble Instability in Bulging Liquid Bridge
Lower-pressure Comparison Theorem

2.6 Conclusion
2.7 References

Droplets: Shape, Surface and Volume
3.1 Abstract
3.2 The Shape of Micro-drops

3.2.1

Sessile Droplets — the Bond Number

3.3 Electric Bond Number
3.4 Shape, Surface Area and Volume of Sessile Droplets

3.4.1
342

343
3.4.4
3.4.5
3.4.6

3.4.7

3.4.8
349

Height of a “Large” Droplet: Bo >> 1

Microscopic Drops: Bo «1

3.4.2.1 Shape of the Droplet

3.4.2.2 Volume of a Sessile Droplet

3.4.2.3 Surface Area of a Spherical Cap

3.4.2.4 Example: Measurement of the Volume of a Droplet
from a Single Image (Hydrophobic Case)

Droplets Between Two Parallel Plates

Shape of a Droplet Flattened Between Two Horizontal Planes

Curvature Radius of the Free Interface

Convex Droplet Shape

34.6.1 Volume of a Droplet Flattened Between Two Parallel
Planes and Having the Same Contact Angle with
Both Planes (Convex Case)

Volume of a Droplet Flattened by Two Horizontal Planes with

Different Contact Angles with the Two Planes (Convex Case)

Surface Area (Convex Case)

Concave Droplet Shape

3.4.9.1 Volume of a Droplet Flattened Between Two Parallel
Planes and Having the Same Contact Angle with Both
Planes (Concave Case)

3.4.9.2 Volume of a Droplet Flattened by Two Horizontal
Planes with Different Contact Angles with the Two
Planes (Concave Case)

3.4.9.3 Surface Area (Concave Case)

3.5 Conclusion
3.6 References

vii

75
76
76
77
78
78
80
80
80
81
81
81
81
82

83
83
84
84
&5
85
86
87
87
87
89

90
92
92
92
94

94

97
98
100

101

101
102
103
103



Viil

The Physics of Droplets in Microsystems

Sessile Droplets
4.1 Abstract
4.2 Droplet Self-motion Under the Effect of a Contrast or Gradient of Wettability

43
4.4

4.5
4.6

4.7

4.2.1 Drop Moving Over a Sharp Transition of Wettability
4.2.2 Drop Moving Uphill
4.2.3 Dynamic and Quasi-static Approach
4.2.4 Drop Moving Up a Step
42.5 Drop Moving Over a Gradient of Surface Concentration of Surfactant
4.2.6 Conclusion
Contact Angle Hysteresis
Pinning and Canthotaxis
4.4.1 Droplet Pinning on a Surface Defect
4.42 Droplet Pinning on an Edge — Canthotaxis
4.4.3 Droplet Pinning at a Wettability Separation Line
4.4.4 Pinning of an Interface by Pillars
Sessile Droplet on a Non-ideally Planar Surface
Droplet on Textured or Patterned Substrates
4.6.1 Wenzel's Law
4.6.2 Cassie-Baxter Law
4.6.3 Contact on Microfabricated Surfaces: the Transition Between
the Wen-zel and Cassie Laws
4.6.3.1 Introduction
4.6.3.2 Contact Angle on a Microfabricated Substrate. Case of
Hydrophobic Contact
4.6.3.3 Example of Square, Hydrophobic Micropillars
4.6.34 Wenzel-Cassie Hysteresis
4.6.3.5 Superhydrophobicity
4.6.3.6 TIrregularly Textured and Fractal Surfaces
4.6.3.7 Hydrophilic Case
4.6.3.8 Simultaneous Superhydrophobic and Oleophobic Surfaces —
the Concept of Omniphobicity
4639 Conclusion
References

Droplets Between Two Non-parallel Planes: From Tapered Planes to Wedges

5.1
52

53

Abstract

Droplet Self-motion Between Two Non-parallel Planes
5.2.1 Identical Young Contact Angle with Both Plates
5.2.2 Different Young Contact Angles

5.2.3 Numerical Simulation — 2D and 3D Cases

5.2.4 A Reciprocal to the Hauksbee Problem

5.2.5 Example of Tapered System for Passive Pumping in Fuel Cells
5.2.6 Discussion

Droplet in a Corner

5.3.1 Dimensions of the Droplet and Effect of Gravity
5.3.2 Concus-Finn Relations

5.3.3 Numerical Approach

5.3.4 Example of a Liquid in a Micro-beaker

105
105
105
106
107
110
110
110
112
112
115
115
115
116
120
122
123
123
125

127
127

128
130
132
133
134
136

137
139
140

143
143
143
144
146
147
148
149
151
151
151
152
152
153



Contents

5.3.5 Extended Concus-Finn Relation
5.3.6 Droplet in a Wetting/Non-wetting Corner
5.3.7 Discussion

5.4 Conclusion

5.5 References

Microdrops in Microchannels and Microchambers
6.1 Abstract
6.2 Droplets in Micro-wells
6.2.1 Shape of the Liquid Surface in a Micro-well
6.2.2 Evaporation of Liquid in a Micro-well
6.2.2.1 Hydrophilic Case
6.2.2.2 Hydrophobic Case
6.2.2.3 Controlling Evaporation in Microsystems
6.2.3 Filling a Micro-well
6.3 Droplets in Microchannels
6.3.1 Capillary, Weber and Bond Numbers
6.3.2 Non-wetting Droplets and Plugs
6.3.2.1 Silanization Surface Treatment
6.3.2.2 Rectangular Microchannels
6.3.2.3 T-shaped Microchannels — Abacus Groove
6.3.2.4 Plugs Slowed Down by Pillars
6.3.3 Wetting Droplets and Plugs
6.3.3.1 General Case: Contact Angle Between 45° and 135°
6.3.3.2 Contact Angle Smaller Than 45°
6.3.3.3 Contact Angle Larger Than 135°
6.3.4 Trains of Droplets — Compound Droplets
6.3.4.1 Trains Moving Inside a Microchannel
6.3.4.2 Packing of Droplets
6.4 Conclusion
6.5 References

Capillary Effects: Capillary Rise, Capillary Pumping, and Capillary Valve
7.1 Abstract
7.2 Capillary Rise
7.2.1 Cylindrical Tubes: Jurin’s Law
7.2.2 Capillary Rise in Square Tubes
7.2.3 Capillary Rise on a Vertical Plate — Surface Tension Measurement
by the Wilhelmy Method
7.2.4 Capillary Rise Between Two Parallel Vertical Plates
7.2.5 Capillary Rise in a Dihedral
7.2.6 Capillary Rise in an Array of Four Vertical Square Pillars
7.2.7 Comparison of Capillary Rise Between Wilhelmy Plate and Pillars
7.2.8 Oblique Tubes — Capillary Rise in a Pipette
7.3 Capillary Pumping
7.3.1 Principles of Capillary Pumping
7.3.2 Capillary Pumping and Channel Dimensions
7.3.3 The Dynamics of capillary Pumping: Horizontal Microchannel

X

154
156
158
159
159

161
161
161
161
162
163
164
164
166
167
167
168
168
168
168
172
174
174
174
175
175
175
177
180
180

183
183
183
183
185

188
188
190
192
193
194
195
196
197
197



X

The Physics of Droplets in Microsystems

734
7.3.5

The Dynamics of Capillary Pumping: General
Examples of Capillary Pumping
7.3.5.1 Spontaneous capillary flow in a composite channel

7.4 Capillary Valves

74.1
7.4.2
743

744

Principles ofCapillary Valves

Valving Efficiency and Shape of the Orifice
Examples of Capillary Valves in Microsystems
7.4.3.1 Stop Valve

Delay Valves

7.5 Conclusions
7.6 References

Open Microfluidics
8.1 Abstract
8.2 Droplet Pierced by a Wire

8.2.1
8§2.2
82.3
8.2.4
8.2.5

8.3 Liquid Spreading Between Solid Structures ~ Spontaneous Capillary Flow

8.3.1
8.3.2
8.3.3
8.3.4

835
8.3.6
8.3.7
8.3.8
8.3.9
8.3.10
8.3.11
8.3.12
8.3.13
8.3.14
8.3.15
8.3.16

Suspended Droplet

Small Droplet

Effect of Gravity on Small Droplets
Large Droplet

Sessile Droplet Pierced by a Wire

Parallel Rails
Spontaneous Capillary Flow Between Parallel Rails
Spontaneous Capillary Flow in U-grooves

Spontaneous Capillary Flow in Asymmetric U-grooves — Spreading

of Liquid Glue During Microfabrication

Spontaneous Capillary Flow in a Trapezoidal Channel
Spontaneous Capillary Flow in a Half-pipe

A Universal Law for Capillary Pumping

Spontaneous Capillary Flows in Cracks

Spontaneous Capillary Flow Triggered by a V-groove
Anisotropic Superhydrophilicity

Spontaneous Capillary Flow in Diverging U-grooves
Spontaneous Capillary Flow in Diverging-converging U-grooves
Capillary Flow Over a Hole

Suspended Microfluidics

Application to Droplet Dispensing in EWOD/LDEP Systems
Restriction of the Theory in the Case of Rounded Corners

8.4 Liquid Wetting Fibers

8.4.1
842
8.4.3
8.4.4
8.4.5
8.4.6
8.4.7
8.4.8

Droplet Between Parallel Fibers
Intersecting Fibers

Wicking in a Bundle ofFibers
Total Impregnation — Imbibition
Washburn’s Law

Fully Wetted Flow — Darcy’s Law
Paper-based Microfluidics
Thread-based Microfluidics

8.5 Conclusions
8.6 References

199
201
202
202
203
203
204
204
205
207
207

209
209
210
210
211
213
214
214
216
216
217
219

221
224
225
226
228
229
230
232
232
233
235
237
237
239
240
241
241
243
243
244
245
246
247
248



8.7

Contents

Appendix: Calculation of the Laplace Pressure for a Droplet on a
Horizontal Cylindrical Wire

Droplets, Particles and Interfaces

9.1
9.2
9.3
9.4

9.5

9.6

9.7

Abstract
Neumann’s Construction for Liquid Droplets
The Difference Between Liquid Droplets and Rigid Spheres at an Interface
Liquid Droplet Deposited at a Liquid Surface
9.4.1 Introduction
9.4.2 Liquid Droplet Crossing an Interface
9.4.2.1 Spreading and Engulfment
9.4.2.2 Engulfment with Gravity
Immiscible Droplets in Contact and Engulfment
9.5.1 Introduction
9.5.2 Physical Analysis
9.5.3 Numerical Approach
9.5.4 Total Engulfment
Non-deformable (Rigid) Sphere at an Interface
9.6.1 Introduction
9.6.2 Capillary Problem — No Body-force
9.6.2.1 Energy Approach
9.6.2.2 Force Approach — Young’s Equation
9.6.2.3 Discussion
9.6.2.4 Numerical Approach
9.6.3 Body-force: Gravity
9.6.4 The Cases of Nearly Rigid Spheres
9.6.5 Rigid Spheres Attached to a Meniscus
9.6.5.1 Spheres Self-assembly Due to the Local Curvature
of the Interface
9.6.5.2 Spheres Displacement on a Curved Meniscus
9.6.6 Droplet Attached to a Solid Sphere
9.6.7 Body Force: Magnetic Force
9.6.7.1 Physical Analysis
9.6.7.2 Numerical Approach
Droplet Evaporation and Capillary Assembly
9.7.1 Introduction
9.7.1.1 Evaporation of Sessile Droplets
9.7.1.2 Experimental Observations
9.7.1.3 Theoretical Model
9.7.1.3.1 Wetting (Lyophilic) Case: 6 < 90°
9.7.1.3.2 Non-wetting (Lyophobic) Case: 8 > 90°
9.7.1.4 Discussion
9.7.2 Evaporation Rings
9.7.3 Evaporation Stains
9.7.4 The Use of Evaporation and Capillary Assembly
9.7.4.1 Drop Evaporation as a Tool for DNA Stretching
9.7.4.2 Drop Evaporation as a Tool for Nanoassembly
9.7.4.3 Capillary Assembly of Gold Nano-spheres
9.7.4.4 Conclusion

xi

250

251
251
251
252
253
254
255
255
257
258
258
259
261
261
262
262
263
263
263
264
265
265
269
269

270
270
271
273
273
274
275
275
276
276
278
279
281
281
283
284
286
286
286
287
288



xii

10

The Physics of Droplets in Microsystems

9.8 Conclusion
9.9 References

Digital Microfluidics

10.1
10.2

10.3

10.4

10.5

10.6
10.7

Abstract
Electrowetting and EWOD
10.2.1 Berge-Lippmann-Young Equation (BLY)
10.2.2 Electrowetting Force
10.2.3 Limitations of EWOD - Saturation, Dielectric Breakdown
and Hysteresis
10.2.3.1 Saturation Limit
10.2.3.2 Dielectric Breakdown
10.2.3.3 Hysteresis
10.2.3.4 Minimum and Maximum Actuation Voltages — Working
Range
Droplet Manipulation with EWOD
10.3.1 Open vs. Covered EWOD System
10.3.2 Droplet Motion
10.3.3 Moving Droplet Velocity
10.3.3.1 Model
10.3.3.2 Experimental Results
10.3.4 Droplet Merging and Division
10.3.4.1 Droplet Stretching
10.3.4.2 Stretching and Pinching
10.3.5 Droplet Dispensing
10.3.5.1 Open EWOD
10.3.5.2 Covered EWOD
10.3.6 Coupling Between Covered and Open EWOD Systems
10.3.7 Special Electrodes — Jagged Electrodes and Star-shaped Electrodes
10.3.7.1 Crenellated (Jagged) Electrodes
10.3.7.2  Star-shaped Electrodes
10.3.7.3 Spike-shaped Electrodes
10.3.7.4 Half Star-shaped Electrodes
10.3.7.5 Reservoir Electrodes
10.3.8 General EWOD Architecture
10.3.8.1 System Architecture
10.3.8.2 Multiplexing
Examples of EWOD in Biotechnology — Cell Manipulation
10.4.1 DEP and EWOD
10.4.2 EWOD and OET
1043 EWOD and Magnetic Beads
Examples of Electrowetting for Optics — Tunable Lenses and
Electrofluidic Display
10.5.1 Tunable Lens
10.5.2 Electrowetting Display
Conclusion
References

288
290

293
293
293
293
297

208
299
300
302

303
304
304
305
306
307
309
311
312
314
317
318
318
320
323
323
326
327
328
329
330
330
331
333
333
333
334

335
336
336
336
337



Contents

11 Capillary Self-assembly for 3D Microelectronics

11.1 Abstract
11.1.1 Introduction to Self-assembly
11.1.2 Three-dimensional Assembly of Silicon Chips on a Wafer

11.2  Ideal Case: Total Pinning on the Chip and Pad Edges
11.2.1 First Mode: Horizontal Displacement (Shift)
11.2.2  Second Mode: Rotation Around z-axis (Twist)
11.2.3 Third Mode: Vertical Displacement (Lift)
11.2.4 Fourth Mode: Tilt (or Roll)
11.2.5 Coupled Modes

11.3 Real Case: Spreading and Wetting

11.4  The Importance of Pinning and Confinement

11.5 Conclusion

11.6  Appendix A: Shift Energy and Restoring Force

11.7 Appendix B: Twist Energy and Restoring Torque

11.8 Appendix C: Lift Energy and Restoring Force

11.9 References

12 Epilogue

Index

Xiil

341
341
342
342
342
344
346
348
349
351
352
355
357
358
359
361
362

365

367



